CHAPTER 



Momentum and 
Angular Momentum 

\mJ 


In this and the next chapter I shall describe the great conservation laws of momentum, 
angular momentum, and energy. These three laws are closely related to one another 
and are perhaps the most important of the small number of conservation laws that are 
regarded as cornerstones of all modern physics. Curiously, in classical mechanics the 
first two laws (momentum and angular momentum) are very different from the last 
(energy). It is a relatively easy matter to prove the first two from Newton’s laws (indeed 
we already have proved conservation of momentum), whereas the proof of energy 
conservation is surprisingly subtle. I discuss momentum and angular momentum in 
this rather short chapter and energy in Chapter 4, which is appreciably longer. 


3.1 Conservation of Momentum 


In Chapter 1 we examined a system of N particles labeled a = 1, • • •, N. We found 
that as long as all the internal forces obey Newton’s third law, the rate of change of the 
system’s total linear momentum P = pi + * * • + Pat — Pa is determined entirely 
by the external forces on the system: 


p _ F ext (3.1) 

where F ext denotes the total external force on the system. Because of the third law, the 
internal forces all cancel out of the rate of change of the total momentum. In particular, 
if the system is isolated, so that the total external force is zero, we have the 
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If our system contains just one particle (N = 1), then all forces on the particle are 
external, and the conservation of momentum is reduced to the not very interesting 
statement that, in the absence of any forces, the momentum of a single particle 
is constant, which is just Newton’s first law. However, if our system has two or 
more particles (N > 2), then momentum conservation is a nontrivial and often useful 
property, as the following simple and well-known example will remind you. 


example 3.1 An Inelastic Collision of Two Bodies 

Two bodies (two lumps of putty, for example, or two cars at an intersection) 
have masses m x and m 2 and velocities Vj and v 2 . The two bodies collide and lock 
together, so they move off as a single unit, as shown in Figure 3.1. (A collision 
in which the bodies lock together like this is said to be perfectly inelastic.) 
Assuming that any external forces are negligible during the brief moment of 
collision, find the velocity v just after the collision. 

The initial total momentum, just before the collision, is 

| Pin ~ m \ V 1 + m 2 y 2 > 

and the final momentum, just after the collision, is 

Pfin = m \ y + m 2 y = ( m l + m l) y ' 

(Notice that this last equation illustrates the useful result that, once two bodies 
have locked together, we can find their momentum by considering them as 
a single body of mass m l + m 2 .) By conservation of momentum these two 
L momenta must be equal, P fin = P in , and we can easily solve to give the final 
velocity, 


m jVi + m 2 v 2 
m i + m 2 


(3.2) 


We see that the final velocity is just the weighted average of the original veloc¬ 
ities v t and v 2 , weighted by the corresponding masses m { and m 2 . 



Figure 3.1 A perfectly inelastic collision between 
two lumps of putty. 
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An important special case is when one of the bodies is initially at rest, as 
when a speeding car rams a stationary car at a stop light. With v 2 = 0, Equation 
(3.2) reduces to 


m \ + m 2 

In this case the final velocity is always in the same direction as Vj but is reduced 
by the factor mj(m x + m 2 ). The result (3.3) is used by police investigating car 
crashes, since it lets them find the unknown velocity of a speeder who has 
rear-ended a stationary car, in terms of quantities that can be measured after the 
event. (The final velocity v can be found from the skid marks of the combined 
wreck.) 

This sort of analysis of collisions, using conservation of momentum, is 
an important tool in solving many problems ranging from nuclear reactions, 
through car crashes, to collisions of galaxies. 


3.2 Rockets 


A beautiful example of the use of momentum conservation is the analysis of rocket 
propulsion. The basic problem that is solved by the rocket is this: With no external 
agent to push on or be pushed by, how does an object get itself moving? You can 
put yourself in the same difficulty by imagining yourself stranded on a perfectly 
frictionless frozen lake. The simplest way to get yourself to shore is to take off anything 
that is dispensible, such as a boot, and throw it as hard as possible away from the shore. 
By Newton’s third law, when you push one way on the boot, the boot pushes in the 
opposite direction on you. Thus as you throw the boot, the reaction force of the boot 
on you will cause you to recoil in the opposite direction and then glide across the ice 
to shore. A rocket does essentially the same thing. Its motor is designed to hurl the 
spent fuel out of the back of the rocket, and by the third law, the fuel pushes the rocket 
forward. 

To analyse a rocket’s motion quantitatively we must examine the total momentum. 
Consider the rocket shown in Figure 3.2 with mass m, traveling in the positive x 
direction (so I can abbreviate v x as just v) and ejecting spent fuel at the exhaust speed 
u ex relative to the rocket. Since the rocket is ejecting mass, the rocket’s mass m is 
steadily decreasing. At time t , the momentum is P(t) =mv. A short time later at 1 
t + dt , the rocket’s mass is (m + dm), where dm is negative, and its momentum is 
(m + dm)(v + dv). The fuel ejected in the time dt has mass (—dm) and velocity 


1 Concerning the use of the small quantities like dt and dm, I recommend again the view that 
they are small but nonzero increments, with dt chosen sufficiently small that dm divided by dt is 
(within whatever we have chosen as our desired accuracy) equal to the derivative dm/dt. For more 
details, see the footnote immediately before Equation (2.47). 
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Figure 3.2 A rocket of mass m travels to the right with 
speed v and ejects spent fuel with exhaust speed v tx rela¬ 
tive to the rocket. 


v — v ex relative to the ground. Thus the total momentum (rocket plus the fuel just 
ejected) at t + dt is 

P(t + dt) = (m + dm)(v + dv) — dm(v — v tx ) = mv + m dv + dm v ex 

where I have neglected the doubly small product dm dv. Therefore, the change in total 
momentum is 


dP = P(t + dt) — P(t) = m dv + dm v ex . (3.4) 

If there is a net external force F ext (gravity, for instance), this change of momentum 
is F ext dt. (See Problem 3.11.) Here I shall assume that there are no external forces, 
so that P is constant and dP — 0. Therefore 

mdv = —dmv ex . (3.5) 

Dividing both sides by dt, we can rewrite this as 

mv = —mv ex (3.6) 

where — m is the rate at which the rocket’s engine is ejecting mass. This equation 
looks just like Newton’s second law (mv = F) for an ordinary particle, except that 
the product —mv ex on the right plays the role of the force. For this reason this product 
is often called the thrust: 


thrust — —mv ex . 


(3.7) 


(Since m is negative, this defines the thrust to be positive.) 

Equation (3.5) can be solved by separation of variables. Dividing both sides by m 
gives 


, dm 

dv u ex . 

m 

If the exhaust speed u ex is constant, this equation can be integrated to give 


V - V 0 = u ex In (mjm) (3.8) 

where v 0 is the initial velocity and m 0 is the initial mass of the rocket (including fuel 
and payload). This result puts a significant restriction on the maximum speed of the 
rocket. The ratio m Q /m is largest when all the fuel is burned and m is just the mass 
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of rocket plus payload. Even if, for example, the original mass is 90% fuel, this ratio 
is only 10, and, since In 10 = 2.3, this says that the speed gained, v — v 0 , cannot be 
more than 2.3 times v ex . This means that rocket engineers try to make v ex as big as 
possible and also design multistage rockets, which can jettison the heavy fuel tanks 
of the early stages to reduce the total mass for later stages. 2 


3.3 The Center of Mass 


Several of the ideas of Section 3.1 can be rephrased in terms of the important notion of 
a system’s center of mass. Let us consider a group of N particles, a = 1, • • •, N, with 
masses m a and positions r a measured relative to an origin O. The center of mass (or 
CM) of this system is defined to be the position (relative to the same origin O) 

m l r l + ••• + m N r N 
M 


1 N 
r=-v 

M ^ 

0l=\ 


m a r 


where M denotes the total mass of all of the particles, M — The first thing to 

note about this definition is that it is a vector equation. The CM position is a vector R 
with three components (X, Y , Z), and Equation (3.9) is equivalent to three equations 
giving these three components, 


1 N 

x = -Y 

M ^ 

a—\ 




1 N 

l e 

l/f /—✓ 


M 


m a y a 


a=l 


Oi—\ 


Either way, the CM position R is a weighted average of the positions r 1? • • •, r N , in 
which each position is weighted by the corresponding mass m a . (Equivalently, it 
is the sum of the r^, each multiplied by the fraction of the total mass at r^.) 

To get a feeling for the CM, it may help to consider the case of just two particles 
(N = 2). In this case, the definition (3.9) reads 


R _ m l r l + m 2 r 2 (3.10) 

m j + m 2 

It is easy to verify that the CM position has several familiar properties. For example, 
you can show (Problem 3.18) that the CM defined by (3.10) lies on the line joining 
the two particles, as shown in Figure 3.3. It is also easy to show that the distances of 
the CM from and m 2 are in the ratio m 2 /m h so that the CM lies closer to the more 
massive particle. (In Figure 3.3 this ratio is 1/3.) In particular, if m x is much greater 
than m 2 , the CM will be very close to More generally, going back to Equation 
(3.9) for the CM of N particles, we see that if m l is much greater than any of the 
other masses (as is the case for the sun as compared to all the planets), then m x ^ M 
while m a M for all other particles; this means that R is very close to Thus, for 
example, the CM of the solar system is very close to the sun. 


2 * • 

Jettisoning the fuel tanks of stage 1 reduces the inital and final masses of stage 2 by the same 
amount. This increases the ratio m 0 /m when we apply (3.8) to stage 2. See Problem 3.12. 
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O 

Figure 3.3 The CM of two particles lies at the position 
R = (raji*! + ra 2 r 2 )/M. You can prove that this lies on 
the line joining raj to ra 2 , as shown, and that the distances 
of the CM from m x and ra 2 are in the ratio ra 2 /raj. 


We can now write the total momentum P of any A-particle system in terms of the 
system’s CM as follows: 


P = y] p„ = m„r a = MR (3.11) 

a a 

where the last equality is just the derivative of the definition (3.9) of R (multiplied by 
M). This remarkable result says that the total momentum of the N particles is exactly 
the same as that of a single particle of mass M and velocity equal to that of the CM. 

We get an even more striking result when we differentiate (3.11). According to 
(3.1), the derivative of P is just F ext . Therefore, (3.11) implies that 

F ext = MR. (3.12) 

That is, the center of mass R moves exactly as if it were a single particle of mass M, 
subject to the net external force on the system. This result is the main reason why we 
can often treat extended bodies, such as baseballs and planets, as if they were point 
particles. Provided a body is small compared to the scale of its trajectory, its CM 
position R is a good representative of its overall location, and (3.12) implies that R 
moves just like a point particle. 

Given the importance of the CM, you need to feel comfortable calculating the CM 
position for various systems. You may have had plenty of practice in introductory 
physics or in a calculus course, but, in case you didn’t, there are several exercises at 
the end of this chapter. One important point to bear in mind is that when the mass 
in a body is distributed continuously, the sum in the definition (3.9) goes over to an 
integral 


R = — I rdm = — f grdV (3.13) 

Mi M J 

where q is the mass density of the body, dV denotes an element of volume, and the 
integral runs over the whole body (that is, everywhere q ^ 0). We shall be using similar 
integrals to evaluate the moment of inertia tensor in Chapter 10. Meanwhile, here is 
one example: 
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example 3.2 The CM of a Solid Cone 

Find the CM position for the uniform solid cone shown in Figure 3.4. 

It is perhaps obvious by symmetry that the CM lies on the axis of symmetry 
(the z axis), but this also follows immediately from the integral (3.13). For 
example, if you consider the x component of that integral, it is easy to see that 
the contribution from any point (x,y,z) is exactly cancelled by that from the 
point (—x, y, z). That is, the integral for X is zero. Because the same argument 
applies to F, the CM lies on the z axis. To find the height Z of the CM, we must 
evaluate the integral 


Z = — 
M 


i f 

VI J 


gzdV = 


Q_ 

M 


/ 


z dx dy dz 


where I could take the factor q outside the integral since q is constant throughout 
the cone (as long as we understand the integral is limited to the inside of the cone) 
and I have changed the volume element d V to dx dy dz. For any given z, the 
integral over x and y runs over a circle of radius r — Rz/h, giving a factor of 
nr 2 = j xR 2 z 2 / h 2 , so that 


Z = 


qttR 2 
Mh 2 


f 


3 QIC R 2 h 4 3 j 

z dz — ---= —h 

Mh 2 4 4 


where in the last step I replaced the mass M by q times the volume or M — 
^Q7tR 2 h. We conclude that the CM is on the axis of the cone at a distance \h 
from the vertex (or \h from the base). 



Figure 3.4 A solid cone, centered on the z axis, with 
vertex at the origin and uniform mass density g. Its height 
is h and its base has radius R. 
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3.4 Angular Momentum for a Single Particle 


In many ways the conservation of angular momentum parallels the conservation of 
ordinary (or ‘linear”) momentum. Nevertheless, I would like to review the formalism 
in detail, first for a single particle and then for a multiparticle system. This will 
introduce several important ideas and some useful mathematics. 

The angular momentum l of a single particle is defined as the vector 

i = r x p. (3.14) 

Here r x p is the vector product of the particle’s position vector r, relative to the 
chosen origin O , and its momentum p, as shown in Figure 3.5. Notice that because 
r depends on the choice of origin, the same is true of i\ The angular momentum 
l (unlike the linear momentum p) depends on the choice of origin, and we should, 
strictly speaking, refer to i as the angular momentum relative to O. 

The time rate of change of l is easily found: 

i 

t = —(r x p) = (r x p) + (r x p). (3.15) 

at 

(You can easily check that the product rule can be used for differentiating vector 
products, as long as you are careful to keep the vectors in the right order. See 
Problem 1.17.) In the first term on the right, we can replace p by mr, and, because the 
cross product of any two parallel vectors is zero, the first term is zero. In the second 
term, we can replace p by the net force F on the particle, and we get 

l = r x F = T. (3.16) 

Here T (Greek capital gamma) denotes the net torque about O on the particle, defined 
as r x F. (Other popular symbols for torque are r and N.) In words, (3.16) says that 
the rate of change of a particle’s angular momentum about the origin O is equal to the 
net applied torque about O. Equation (3.16) is the rotational analog of the equation 
p = F for the linear momentum, and (3.16) is often described as the rotational form 
of Newton’s second law. 



Figure 3.5 For any particle with position r relative to the origin 
O and momentum p, the angular momentum about O is defined 
as the vector i = r x p. For the case shown, i points into the 
page. 
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Figure 3.6 A planet (mass m) is subject to the central force 
of the sun (mass M). If we choose the origin at the sun, then 
r x F = 0, and the planet’s angular momentum about O is 
constant. 


In many one-particle problems one can choose the origin O so that the net torque 
T (about the chosen O ) is zero. In this case, the particle’s angular momentum about 
O is constant. Consider, for example, a single planet (or comet) orbiting the sun. The 
only force on the planet is the gravitational pull GmM/r 2 of the sun, as shown in 
Figure 3.6. A crucial property of the gravitational force is that it is central, that is, 
directed along the line joining the two centers. This means that F is parallel (actually, 
antiparallel) to the position vector r measured from the sun, and hence that rxF = 0. 
Thus if we choose our origin at the sun, the planet’s angular momentum about O is 
constant, a fact that greatly simplifies the analysis of planetary motion. For example, 
because r x p is constant, r and p must remain in a fixed plane; in other words, the 
planet’s orbit is confined to a single plane containing the sun, and the problem is 
reduced to two dimensions, a result we shall exploit in Chapter 8. 


Kepler’s Second Law 

One of the earliest triumphs for Newton’s mechanics was that he was able to explain 
Kepler’s second law as a simple consequence of conservation of angular momentum. 
Newton’s laws of motion were published in 1687 in his famous book Principia. 
Nearly eighty years earlier, the German astronomer Johannes Kepler (1571-1630) 
had published his three laws of planetary motion. 3 These laws are quite different 
from Newton’s laws in that they are simply mathematical descriptions of the observed 
motion of the planets. For example, the first law states that the planets move around 
the sun in ellipses with the sun at one focus. Kepler’s laws make no attempt to explain 
planetary motion in terms of more fundamental ideas; they are just summaries — 
brilliant summaries, requiring great insight, but nonetheless just summaries — of the 
observed motions of the planets. All three of Kepler’s laws turn out to be consequences 
of Newton’s laws of motion. I shall derive the first and third of the Kepler laws in 
Chapter 8. The second we are ready to discuss now. 


3 Kepler’s first two laws appeared in his book Astronomia Nova in 1609 and the third in another 
book, Harmonices Mundi , published in 1619. 
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Figure 3.7 The orbit of a planet with the sun fixed at O . Kepler’s 
second law asserts that if the two pairs of points P, Q and P\ Q' 
are separated by equal time intervals, dt = dt', then the two areas 
dA and dA' are equal. 


Kepler’s second law is generally stated something like this: 


Kepler’s Second Law 

As each planet moves around the mn , a line drawn from the planet to the snn 
sweeps out equal areas in equal times. 


This rather curious statement is illustrated in Figure 3.7, which shows the path of a 
planet or comet — the law applies to comets as well — orbiting about the sun at the 
origin O . (Throughout this discussion, I shall make the approximation that the sun is 
fixed; we shall see how to allow for the very small motion of the sun in Chapter 8.) 
The area “swept out” by the planet moving between any two points P and Q is just 
the area of the triangle OPQ. (Strictly speaking the “triangle” is the area between the 
two lines O P and O Q and the arc P Q. However, it is sufficient to consider pairs of 
points P and Q that are close together, in which case the difference between the arc 
P Q and the straight line P Q is negligible.) I shall denote the time elapsed between the 
planet’s visiting P and Q by dt and the corresponding area of O P Q by dA. Kepler’s 
second law asserts that if we choose any other pair of points P' and Q r separated by 
the same time interval (< dt' = dt ), then the area OP'Q' will be the same as OPQ , or 
dA' = dA. Equivalently we can divide both sides of this equality by dt and assert that 
the rate at which the planet sweeps out area, dA/dt, is the same at all points on the 
orbit; that is, dA/dt is constant. 

To prove this result, we note first that the line O P is just the position vector r, 
and P Q is the displacement dr = v dt . Now, it is a well-known property of the vector 
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product that if two sides of a triangle are given by vectors a and b, then the area of 
the triangle is \ |a x b|. (See Problem 3.24.) Thus the area of the triangle OPQ is 

dA — ^|r x v dt\. 

Replacing v by p /m and dividing both sides by Jr, we find that 


dA 1 , , 1 

— — —| r x p| = —l 
dt 2m 2m 


(3.17) 


where i denotes the magnitude of the angular momentum l = r x p. Since the planet’s 
angular momentum about the sun is conserved, this establishes that dA/dt is constant, 
which, as we have seen, is the content of Kepler’s second law. ( 

An alternative proof of the same result adds some additional insight: It is a 
straightforward exercise to show that (Problem 3.27) 

l — mr 2 (jo (3.18) 

where co = 0 is the planet’s angular velocity around the sun. And it is an equally 
simple geometrical exercise to show that the rate of sweeping out area is 


dA/dt = ^ r 2 ao. 


(3.19) 


Comparison of (3.18) and (3.19) shows that l is constant if and only if dA/dt is 
constant. That is, conservation of angular momentum is exactly equivalent to Kepler’s 
second law. In addition, we see that as the planet (or comet) approaches closer to 
the sun (r decreasing) its angular velocity co necessarily increases. Specifically, co is 
inversely proportional to r 2 ; for example, if the value of r at point P' is half that at P, 
then the angular velocity co at P' is four times that at P. 

It is interesting to note that our proof of Kepler’s second law depended only on 
the fact that the gravitational force is central and hence that the planet’s angular 
momentum about the sun is constant. Thus Kepler’s second law is true for an object 
that moves under the influence of any central force. By contrast, we shall see in 
Chapter 8 that the first and third laws (in particular the first, which says that the orbits 
are ellipses with the sun at one focus) depend on the inverse-square nature of the 
gravitational force and are not true for other force laws. 


3.5 Angular Momentum for Several Particles 


Let us next discuss a system of N particles, a = 1, 2, • • •, A, each with its angular 
momentum l a = r a x p a (with all of the r a measured from the same origin O, of 
course). We define the total angular momentum L as 

N N 

l =LA = x p «- 

a= 1 a= 1 


(3.20) 
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Differentiating with respect to t and using the result (3.16), we find that 

L = E^* = E r “ xF «> (3 ’ 21) 

a a 

where, as usual, F a denotes the net force on particle a. This result shows that the rate 
of change of L is just the net torque on the whole system, an important result in its own 
right. However, my interest now is to separate the effects of the internal and external 
forces. As in Equation (1.25) we write F a as 

(net force on particle a) =¥ a = ^ F a p + F^ xt (3.22) 

where, as before, F a p denotes the force exerted on particle a by particle /?, and F® xt 
is the net force exerted on particle a by all agents outside our A-particle system. 
Substituting into (3.21), we find that 

L = E E r « x F «p + E r « x F T- ( 3 - 23 ) 

ol a 

Equation (3.23) corresponds to Equation (1.27) in our discussion of linear momen¬ 
tum back in Chapter 1, and we can rework it in much the same way as there, with one 
interesting additional twist. We can regroup the terms of the double sum, pairing each 
term cqS with the corresponding term /la, to give 4 

E E r « x E E (r « x + ■> x w 0-24) 

a P^a a p>a 

If we assume that all the internal forces obey the third law (F a p — — F^), then we can 
rewrite the sum on the right as 

E E (r “ ~ r p ) x F ^- (3 - 25) 

a p> a 

To understand this sum, we must examine the vector (r a — r^) = r a p 9 say. This is 
illustrated in Figure 3.8, where we see that r a p is the vector pointing toward particle a 
from particle /3. If, in addition to satisfying the third law, the forces F a p are all central , 
then the two vectors r a p and F a p point along the same line, and their cross product is 
zero. 

Returning to Equation (3.23), we conclude that, provided our various assumptions 
are valid, the double sum in (3.23) is zero. The remaining single sum is just the net 
external torque, and we conclude that 


l = r ext . 

In particular, if the net external torque is zero, we have the 


(3.26) 


4 Be sure you understand what has happened here. For example, I have paired the term r l x F 12 
with the term r 2 x F 21 . 
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Figure 3.8 The vector r a p = (r a — r^) points to particle a 
from particle ft. If the force F a p is central (points along the 
line joining a and /3), then r a p and F a p are collinear and their 
cross product is zero. 


Principle of Conservation of Angular Momentum 

If the net external torque on an iWparticle system, is zero, the system's total 
angular momentum L as' ]T r* x is constant. 


The validity of this principle depends on our two assumptions that all internal forces 
F a p are central and satisfy the third law. Since these assumptions are almost always 
valid, the principle (as stated) is likewise. It is of the greatest utility in solving many 
problems, as I shall illustrate shortly with a couple of simple examples. 


The Moment of Inertia 

Before discussing an example, it is worth noting that the calculation of angular 
momenta does not always require one to go back to the basic definition (3.20). As you 
probably recall from your introductory physics course, for a rigid body rotating about 
a fixed axis (for example, a wheel rotating on its fixed axle), the rather complicated 
sum (3.20) can be expressed in terms of the moment of inertia and the angular velocity 
of rotation. Specifically, if we take the axis of rotation to be the z axis, then L z , the z 
component of angular momentum, is just L z = loo , where I is the moment of inertia 
of the body for the given axis, and oo is the angular velocity of rotation. We shall prove 
and generalize this result in Chapter 10, or you can prove it yourself with the guidance 
of Problem 3.30. For now, I shall ask you to carry it over from introductory physics. 
In particular, as you may recall, the moments of inertia of various standard bodies 
are known. For example, for a uniform disk (mass M, radius R ) rotating about its 
axis, I = \MR 2 . For a uniform solid sphere rotating about a diameter, I = j.MR 2 . In 
general, for any multiparticle system, / = ^m a p 2 , where p a is the distance of the 
mass m a from the axis of rotation. 
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example 3.3 Collision of a Lump of Putty with a Turntable 

A uniform circular turntable (mass M, radius R , center O) is at rest in the vy 
plane and is mounted on a frictionless axle, which lies along the vertical z axis. 
I throw a lump of putty (mass rn) with speed v toward the edge of the turntable, 
so it approaches along a line that passes within a distance 5 b of O, as shown in 
Figure 3.9. When the putty hits the turntable, it sticks to the edge, and the two 
rotate together with angular velocity co. Find co. 

This problem is easily solved using conservation of angular momentum. 
Because the turntable is mounted on a frictionless axle, there is no torque on 
the table in the z direction. Therefore the z component of the external torque 
on the system is zero, and L z is conserved. (This is true even if we include 
gravity, which acts in the z direction and contributes nothing to the torque in 
the z direction.) Before the collision, the turntable has zero angular momentum, 
while the putty has l = rxp, which points in the z direction. Thus the initial 
total angular momentum has z component 

| 

L m — i z ~ r(mv) sin 0 = mvb. 

! z 

i 

| 

After the collision, the putty and turntable rotate together about the z axis with 
total moment of inertia 6 I = (m + M/2)R 2 , and the z component of the final 
angular momentum is L^ n = I co. Therefore, conservation of angular momentum 
in the form L m = L fin tells us that 

| Z Z 

j mvb = (m + M/2)R 2 co, 



Figure 3.9 A lump of putty of mass m is thrown with velocity 
v at a stationary turntable. The putty’s line of approach passes 
within the distance b of the table’s center O. 

% 

I 


5 In collision theory — the theory of collisions, usually between atomic or subatomic particles — 
the distance b is called the impact parameter. 

6 This is mR 2 for the putty stuck at radius R plus \MR 2 for the uniform turntable. 
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or, solving for co , 


m vb 

60 ~ (m + M/2) * Y' 


(3.27) 


This answer is not especially interesting. What is interesting is that we were able 
to find it with so comparatively little effort. This is typical of the conservation 
laws, that they can answer many questions so simply. The kind of analysis used 
here can be used in many situations (such as nuclear reactions) where an incident 
projectile is absorbed by a stationary target and its angular momentum is shared 
between the two bodies. 


Angular Momentum about the CM 

The conservation of angular momentum and the more general result (3.26), L = T ext , 
were derived on the assumption that all quantities were measured in an inertial frame, 
so that Newton’s second law could be invoked. This required that both L and T ext be 
measured about an origin O fixed in some inertial frame. Remarkably, the same two 
results also hold if L and T ext are measured about the center of mass — even if the 
CM is being accelerated and so is not fixed in an inertial frame. That is, 

—L(about CM) = r ext (about CM) (3.28) 

dt 

and hence, if T ext (about CM) = 0, then L(about CM) is conserved. We shall prove 
this result in Chapter 10, or you can prove it yourself with the guidance of Problem 
3.37.1 mention it now, because it allows a very simple solution to various problems, 
as the following example illustrates. 

example 3.4 A Sliding and Spinning Dumbbell 

| 

A dumbbell consisting of two equal masses m mounted on the ends of a rigid | 
massless rod of length 2b is at rest on a frictionless horizontal table, lying on 
the x axis and centered on the origin, as shown in Figure 3.10. At time t = 0, 
the left mass is given a sharp tap, in the shape of a horizontal force F in the y 
direction, lasting for a short time At. Describe the subsequent motion. 

There are actually two parts to this problem: We must find the initial motion 
immediately after the impulse, and then the subsequent, force-free motion. The 
initial motion is not hard to guess, but let us derive it using the tools of this | 
chapter. The only external force is the force F acting in the y direction for 
the brief time At. Since P = F ext , the total momentum just after the impulse 
is P = F At. Since P = MR (with M = 2m), we conclude that the CM starts 
moving directly up the y axis with velocity j 

v cm = R = F At 12m. j 

While the force F is acting, there is a torque T ext = Fb about the CM, and so, 
according to (3.28), the initial angular momentum (just after the impulse has 
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Figure 3 .10 The left mass of the dumbbell is given a sharp 
tap in the 3 ? direction. 


ceased) is L = Fb At. Since L = Ico, with I — 2 mb 2 , we conclude that the 
dumbbell is spinning clockwise, with initial angular velocity 

j co = F At/2mb. 

The clockwise rotation of the dumbbell means that the left mass is moving 
up relative to the CM with speed cob , and its total initial velocity is 

u le ft = v cm + cob = F At/m. 

By the same token the right mass is moving down relative to the CM, and its 
total initial velocity is 

| ^right ^cm 

I 

| 

That is, the right mass is initially stationary, while the left one carries all the 

momentum F At of the system. 

I 

The subsequent motion is very straightforward. Once the impulse has ceased, 
there are no external forces or torques. Thus the CM continues to move straight 
up the y axis with constant speed, and the dumbbell continues to rotate with 
j constant angular momentum about the CM and hence constant angular velocity. 


Principal Definitions and Equations of Chapter 3 _ 

Equation of Motion for a Rocket 

mv = —rhv ex + F ext . [Eqs. (3.6) & (3.29)] 

The Center of Mass of Several Particles 





Wl\T\ T" * * * “b 
M 


where M is the total mass of all particles, M = ^ m a . 


[Eq. (3.9)] 
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Angular Momentum 

For a single particle with position r (relative to an origin O ) and momentum p, the 
angular momentum about O is 

1 = r x p. [Eq. (3.14)] 

For several particles, the total angular momentum is 

N N 

L = £4 = I>xp a . [Eq. (3.20)] 

< 2=1 < 2=1 

Provided all the internal forces are central, 

L = T ext [Eq. (3.26)] 


where T ext is the net external torque. 


Problems for Chapter 3 

Stars indicate the approximate level of difficulty, from easiest (*) to most difficult (★★★). 


section 3.1 Conservation of Momentum 

3.1 ★ Consider a gun of mass M (when unloaded) that fires a shell of mass m with muzzle speed v . 
(That is, the shell’s speed relative to the gun is v.) Assuming that the gun is completely free to recoil (no 
external forces on gun or shell), use conservation of momentum to show that the shell’s speed relative 
to the ground is v/(l + m/M). 

3.2 ★ A shell traveling with speed v 0 exactly horizontally and due north explodes into two equal-mass 
fragments. It is observed that just after the explosion one fragment is traveling vertically up with speed 
v 0 . What is the velocity of the other fragment? 

3.3 ★ A shell traveling with velocity v 0 explodes into three pieces of equal masses. Just after the 
explosion, one piece has velocity \ l =z\ 0 and the other two have velocities v 2 and v 3 that are equal in 
magnitude (v 2 = vf) but mutually perpendicular. Find v 2 and v 3 and sketch the three velocities. 

3.4 ★★ Two hobos, each of mass ra h , are standing at one end of a stationary railroad flatcar with 
frictionless wheels and mass m fc . Either hobo can run to the other end of the flatcar and jump off 
with the same speed u (relative to the car), (a) Use conservation of momentum to find the speed of 
the recoiling car if the two men run and jump simultaneously, (b) What is it if the second man starts 
running only after the first has already jumped? Which procedure gives the greater speed to the car? 
[Hint: The speed u is the speed of either hobo, relative to the car just after he has jumped; it has the 
same value for either man and is the same in parts (a) and (b).] 

3.5 ★★ Many applications of conservation of momentum involve conservation of energy as well, and 
we haven’t yet begun our discussion of energy. Nevertheless, you know enough about energy from 
your introductory physics course to handle some problems of this type. Here is one elegant example: 
An elastic collision between two bodies is defined as a collision in which the total kinetic energy 
of the two bodies after the collision is the same as that before. (A familiar example is the collision 
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between two billiard balls, which generally lose extremely little of their total kinetic energy.) Consider 
an elastic collision between two equal mass bodies, one of which is initially at rest. Let their velocities 
be and v 2 = 0 before the collision, and v j and \' 2 after. Write down the vector equation representing 
conservation of momentum and the scalar equation which expresses that the collision is elastic. Use 
these to prove that the angle between v' and \' 2 is 90°. This result was important in the history of atomic 
and nuclear physics: That two bodies emerged from a collision traveling on perpendicular paths was 
strongly suggestive that they had equal mass and had undergone an elastic collision. 

SECTION 3.2 Rockets 

3.6 ★ In the early stages of the Saturn V rocket’s launch, mass was ejected at about 15,000 kg/s, with 
a speed v ex & 2500 m/s relative to the rocket. What was the thrust on the rocket? Convert this to tons 
(1 ton ^ 9000 newtons) and compare with the rocket’s initial weight (about 3000 tons). 

3.7 ★ The first couple of minutes of the launch of a space shuttle can be described very roughly as 
follows: The initial mass is 2 x 10 6 kg, the final mass (after 2 minutes) is about 1 x 10 6 kg, the average 
exhaust speed v ex is about 3000 m/s, and the initial velocity is, of course, zero. If all this were taking 
place in outer space, with negligible gravity, what would be the shuttle’s speed at the end of this stage? 
What is the thrust during the same period and how does it compare with the initial total weight of the 
shuttle (on earth)? 

3.8 ★ A rocket (initial mass m G ) needs to use its engines to hover stationary, just above the ground, (a) If 
it can afford to burn no more than a mass Xm 0 of its fuel, for how long can it hover? [Hint: Write down 
the condition that the thrust just balance the force of gravity. You can integrate the resulting equation 
by separating the variables t and m. Take v ex to be constant.] (b) If u ex ~ 3000 m/s and X ~ 10%, for 
how long could the rocket hover just above the earth’s surface? 

3.9 ★ From the data in Problem 3.7 you can find the space shuttle’s initial mass and the rate of ejecting 
mass — m (which you may assume is constant). What is the minimum exhaust speed r> ex for which the 
shuttle would just begin to lift as soon as bum is fully underway? [Hint: The thmst must at least balance 
the shuttle’s weight.] 

3.10 ★ Consider a rocket (initial mass m 0 ) accelerating from rest in free space. At first, as it speeds up, 
its momentum p increases, but as its mass m decreases p eventually begins to decrease. For what value 
of m is p maximum? 

3.11 ★★ (a) Consider a rocket traveling in a straight line subject to an external force F ext acting along 
the same line. Show that the equation of motion is 


mi) = —mv QX + F ext . (3.29) 

[Review the derivation of Equation (3.6) but keep the external force term.] (b) Specialize to the case of 
a rocket taking off vertically (from rest) in a gravitational field g , so the equation of motion becomes 

mi) = —mv ex — mg. (3.30) 

Assume that the rocket ejects mass at a constant rate, m = —k (where k is a positive constant), so 
that m = m 0 — kt. Solve equation (3.30) for v as a function of t, using separation of variables (that 
is, rewriting the equation so that all terms involving v are on the left and all terms involving t on the 
right), (c) Using the rough data from Problem 3.7, find the space shuttle’s speed two minutes into flight, 
assuming (what is nearly true) that it travels vertically up during this period and that g doesn’t change 
appreciably. Compare with the corresponding result if there were no gravity, (d) Describe what would 
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happen to a rocket that was designed so that the first term on the right of Equation (3.30) was smaller 
than the initial value of the second. 

3.12 ★★ To illustrate the use of a multistage rocket consider the following: (a) A certain rocket carries 
60% of its initial mass as fuel. (That is, the mass of fuel is 0.6m o .) What is the rocket’s final speed, 
accelerating from rest in free space, if it burns all its fuel in a single stage? Express your answer as a 
multiple of u ex . (b) Suppose instead it bums the fuel in two stages as follows: In the first stage it burns 
a mass 0.3m o of fuel. It then jettisons the first-stage fuel tank, which has a mass of 0.1m o , and then 
burns the remaining 0.3m o of fuel. Find the final speed in this case, assuming the same value of u ex 
throughout, and compare. 

3.13 ★★ If you have not already done it, do Problem 3.11(b) and find the speed v(t) of a rocket 
accelerating vertically from rest in a gravitational field g. Now integrate v(t) and show that the rocket’s 
height as a function of t is 


, , 1 2 
y(t) = v ex t - -gt 



Using the numbers given in Problem 3.7, estimate the space shuttle’s height after two minutes. 

3.14 ★★ Consider a rocket subject to a linear resistive force, f = — b\, but no other external forces. Use 
Equation (3.29) in Problem 3.11 to show that if the rocket starts from rest and ejects mass at a constant 
rate k = —m, then its speed is given by 


k 

v = —v 
b 


ex 




section 3.3 The Center of Mass 

3.15 ★ Find the position of the center of mass of three particles lying in the xy plane at r x = (1, 1,0), 
r 2 = (1, —1, 0), and r 3 = (0, 0, 0), if m x = ra 2 and ra 3 = 10 m x . Illustrate your answer with a sketch 
and comment. 

3.16 ★ The masses of the earth and sun are M e ^ 6.0 x 10 24 and M s ^ 2.0 x 10 30 (both in kg) and 
their center-to-center distance is 1.5 x 10 8 km. Find the position of their CM and comment. (The radius 
of the sun is R s ~ 7.0 x 10 5 km.) 

3.17 ★ The masses of the earth and moon are M e ^ 6.0 x 10 24 and M m & 7.4 x 10 22 (both in kg) and 
their center to center distance is 3.8 x 10 5 km. Find the position of their CM and comment. (The radius 
of the earth is R t ~ 6.4 x 10 3 km.) 

3.18 ★★ (a) Prove that the CM of any two particles always lies on the line joining them, as illustrated 
in Figure 3.3. [Write down the vector that points from m x to the CM and show that it has the same 
direction as the vector from m 1 tom 2 .] (b) Prove that the distances from the CM to m x and m 2 are in 
the ratio m 2 /m x . Explain why if m x is much greater than ra 2 , the CM lies very close to the position of 
m x . 

3.19 *★ (a) We know that the path of a projectile thrown from the ground is a parabola (if we ignore air 
resistance). In the light of the result (3.12), what would be the subsequent path of the CM of the pieces 
if the projectile exploded in midair? (b) A shell is fired from level ground so as to hit a target 100 m 
away. Unluckily the shell explodes prematurely and breaks into two equal pieces. The two pieces land 
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at the same time, and one lands 100 m beyond the target. Where does the other piece land? (c) Is the 
same result true if they land at different times (with one piece still landing 100 m beyond the target)? 

3.20 ★★ Consider a system comprising two extended bodies, which have masses M { and M 2 and centers 
of mass at and R 2 . Prove that the CM of the whole system is at 

+ M 2 R 2 
A/j -|- M 2 

This beautiful result means that in finding the CM of a complicated system, you can treat its component 
parts just like point masses positioned at their separate centers of mass — even when the component 
parts are themselves extended bodies. 

3.21 ★★ A uniform thin sheet of metal is cut in the shape of a semicircle of radius R and lies in the xy 
plane with its center at the origin and diameter lying along the x axis. Find the position of the CM using 
polar coordinates. [In this case the sum (3.9) that defines the CM position becomes a two-dimensional 
integral of the form f r a d A where a denotes the surface mass density (mass/area) of the sheet and 
dA is the element of area dA = r dr d(p.] 

3.22 ★★ Use spherical polar coordinates r, 0, 4> to find the CM of a uniform solid hemisphere of radius 
R, whose flat face lies in the xy plane with its center at the origin. Before you do this, you will need to 
convince yourself that the element of volume in spherical polars is dV = r 2 dr sin 6 dO dcj). (Spherical 
polar coordinates are defined in Section 4.8. If you are not already familiar with these coordinates, you 
should probably not try this problem yet.) 

3.23 ★★★ [Computer] A grenade is thrown with initial velocity v 0 from the origin at the top of a high 
cliff, subject to negligible air resistance, (a) Using a suitable plotting program, plot the orbit, with 
the following parameters: v 0 = (4, 4), g = 1, and 0 < t < 4 (and with x measured horizontally and y 
vertically up). Add to your plot suitable marks (dots or crosses, for example) to show the positions 
of the grenade at t = 1, 2, 3, 4. (b) At t = 4, when the grenade’s velocity is v, it explodes into two 
equal pieces, one of which moves off with velocity v + Av. What is the velocity of the other piece? 
(c) Assuming that Av = (1, 3), add to your original plot the paths of the two pieces for 4 < t < 9. Insert 
marks to show their positions aU = 5,6,7,8,9. Find some way to show clearly that the CM of the two 
pieces continues to follow the original parabolic path. 

section 3.4 Angular Momentum for a Single Particle 

3.24 ★ If the vectors a and b form two of the sides of a triangle, prove that \ |a x b| is equal to the area 
of the triangle. 

3.25 ★ A particle of mass m is moving on a frictionless horizontal table and is attached to a massless 
string, whose other end passes through a hole in the table, where I am holding it. Initially the particle 
is moving in a circle of radius r 0 with angular velocity &> 0 , but I now pull the string down through the 
hole until a length r remains between the hole and the particle. What is the particle’s angular velocity 
now? 

3.26 ★ A particle moves under the influence of a central force directed toward a fixed origin O. 
(a) Explain why the particle’s angular momentum about O is constant, (b) Give in detail the argument 
that the particle’s orbit must lie in a single plane containing O. 

3.27 ★★ Consider a planet orbiting the fixed sun. Take the plane of the planet’s orbit to be the xy plane, 
with the sun at the origin, and label the planet’s position by polar coordinates (r, </>). (a) Show that the 
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planet’s angular momentum has magnitude i — mr 2 a), where co = <p is the planet’s angular velocity 
about the sun. (b) Show that the rate at which the planet “sweeps out area” (as in Kepler’s second law) 
is dA/dt = \r 2 oo, and hence that dA/dt — i/lm. Deduce Kepler’s second law. 

section 3.5 Angular Momentum for Several Particles 

3.28 ★ For a system of just three particles, go through in detail the argument leading from (3.20) to 
(3.26), L = r ext , writing out all the summations explicitly. 

3.29 ★ A uniform spherical asteroid of radius R 0 is spinning with angular velocity co 0 . As the aeons go 
by, it picks up more matter until its radius is R. Assuming that its density remains the same and that the 
additional matter was originally at rest relative to the asteroid (anyway on average), find the asteroid’s 
new angular velocity. (You know from elementary physics that the moment of inertia is | MR 2 .) What 
is the final angular velocity if the radius doubles? 

3.30 ★★ Consider a rigid body rotating with angular velocity co about a fixed axis. (You could think of 
a door rotating about the axis defined by its hinges.) Take the axis of rotation to be the z axis and use 
cylindrical polar coordinates p a ,<p a , z a to specify the positions of the particles a = 1, • • •, N that make 
up the body, (a) Show that the velocity of the particle a is p a co in the 4> direction, (b) Hence show that 
the z component of the angular momentum i a of particle a is m a p 2 co. (c) Show that the z component 
L z of the total angular momentum can be written as L z — Ico where I is the moment of inertia (for the 
axis in question), 

N 

/ = E m ^ 2 - < 3 - 3r) 

a=l 

3.31 ★★ Find the moment of inertia of a uniform disc of mass M and radius R rotating about its axis, 
by replacing the sum (3.31) by the appropriate integral and doing the integral in polar coordinates. 

3.32 ★★ Show that the moment of inertia of a uniform solid sphere rotating about a diameter is | MR 2 . 
The sum (3.31) must be replaced by an integral, which is easiest in spherical polar coordinates, with 
the axis of rotation taken to be the z axis. The element of volume is dV — r 2 dr sin 0 dO dcj). (Spherical 
polar coordinates are defined in Section 4.8. If you are not already familiar with these coordinates, you 
should probably not try this problem yet.) 

3.33 ★★ Starting from the sum (3.31) and replacing it by the appropriate integral, find the moment 
of inertia of a uniform thin square of side 2b, rotating about an axis perpendicular to the square and 
passing through its center. 

3.34 ★★ A juggler is juggling a uniform rod one end of which is coated in tar and burning. He is holding 
the rod by the opposite end and throws it up so that, at the moment of release, it is horizontal, its CM 
is traveling vertically up at speed v 0 and it is rotating with angular velocity co 0 . To catch it, he wants 
to arrange that when it returns to his hand it will have made an integer number of complete rotations. 
What should v 0 be, if the rod is to have made exactly n rotations when it returns to his hand? 

3.35 ★★ Consider a uniform solid disk of mass M and radius R, rolling without slipping down an 
incline which is at angle y to the horizontal. The instantaneous point of contact between the disk and 
the incline is called P . (a) Draw a free-body diagram, showing all forces on the disk, (b) Find the linear 
acceleration v of the disk by applying the result L = T ext for rotation about P. (Remember that L = Ico 
and the moment of inertia for rotation about a point on the circumference is | MR 2 . The condition that 
the disk not slip is that v = Rco and hence v = Rco.) (c) Derive the same result by applying L = T ext 



104 


Chapter 3 Momentum and Angular Momentum 


to the rotation about the CM. (In this case you will find there is an extra unknown, the force of friction. 
You can eliminate this by applying Newton’s second law to the motion of the CM. The moment of 
inertia for rotation about the CM is \MR 2 .) 

3.36 ★★ Repeat the calculations of Example 3.4 (page 97) for the case that the force F acts in a 
“‘northeasterly” direction at angle y from the jc axis. What are the velocities of the two masses just 
after the impulse has been applied? Check your answers for the cases that y = 0 and y = 90°. 

3.37 ★★★ A system consists of N masses m a at positions relative to a fixed origin O. Let U denote 
the position of m a relative to the CM; that is, r' a = r a — R. (a) Make a sketch to illustrate this last 
equation, (b) Prove the useful relation that m a r ' a — 0- Can you explain why this relation is nearly 
obvious? (c) Use this relation to prove the result (3.28) that the rate of change of the angular momentum 
about the CM is equal to the total external torque about the CM. (This result is surprising since the CM 
may be accelerating, so that it is not necessarily a fixed point in any inertial frame.) 



